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Pseudodomain Fracture Analysis of Instrumented
Analog Rocket Motors
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An advanced stress analysis technique has been developed for evaluating propellant fracture in solid-rocket
motors subjected to thermal cooling. When a strain-to-pseudostrain transformation is performed, it is shown that
the time- andtemperature-dependent relaxationof the solidpropellantcanbetaken intoaccount toyielda nonlinear
elastic material model. This material model can be used in a � nite element analysis of a solid-rocket motor grain
to quantify the driving force for quasi-static crack propagation under a variety of thermal loads by using elastic–

plastic fracture mechanics. The analysis technique was assessed by subjecting analog rocket motors instrumented
with miniature bond-stress sensors to a sequence of quasi-isothermal temperatures. The data measured by the
sensors allowed the stress predictions to be veri� ed and the crack length and fracture resistance of the propellant
to be deduced. It is hypothesized that compatibilitymust be maintainedbetween the crack tip constraint conditions
in the fracture specimen used to characterize a propellant and the crack tip constraint conditions in the structure
being analyzed to use this analysis technique in a predictive manner.

Nomenclature
a = crack length, m
aT = shift factor
C1 , C2 = Williams–Landel–Ferry parameters
Ei = Prony-series multiplier, MPa
Eo = equilibrium modulus, MPa
ER = reference modulus, MPa
E.t/ = relaxation modulus, MPa
e = engineering strain
J e = pseudo-J integral, N ¢ m/m2 or Pa ¢ m
M j = slope of bond-line stress to crack length, MPa/mm
n = Ramberg–Osgood12 exponent
T , T j , T k = temperature, ±C
Tref = reference temperature, ±C
t = time, s
® = Ramberg–Osgood multiplier
®e = pseudothermalexpansion coef� cient, 1/±C
®fac = scaling factor, ±C
®prop = propellant thermal expansion coef� cient, 1/±C
1 = displacement, mm
1e = pseudodisplacement,mm
1T = temperature change, ±C
1PT = temperature change rate, ±C/s
1V=V = average volume dilatation
² = true strain
²e = pseudostrain
²e

thermal = pseudothermalstrain
²0 = elastic strain limit
P² = strain rate, s¡1

¾ = engineering stress, MPa
¾B = sensor B bond stress, MPa
¾

j
crack = bond stress due to crack, MPa

¾
j

damage = bond stress due to damage, MPa
¾T = true stress, MPa
¾0 = elastic stress limit, MPa
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.1/ = bond stress, MPa

¾
j

.2/ = bond stress, MPa
¿i = Prony-series time constant, s

Subscripts

d = deduced crack length
f = � nal crack length
(1) = � rst stepped-coolingcycle
(2) = second stepped-coolingcycle

Superscripts

j = temperature dwell in the cooling pro� le
k = � nal temperature in the cooling pro� le

Introduction

S OLID-ROCKET motors used by military forces are exposed to
a variety of extreme conditions over time. Thermal cycling, on

a microscopicscale, causesmicromechanicaldamage in the form of
oxidizer/polymer debonding,which gives rise to microcrack forma-
tion. On a macroscopic scale, when a suf� cient number of micro-
crackscoalesce,macroscopiccracks form. Macrocrackformation is
undesirablebecausethemacroscopiccracksmay propagateunstably
when exposed to extreme thermal cool-down conditions while the
motors are in transit, or to ignition pressurizationwhen the motor is
� red. The increase in the burnable surface area leads to unexpected
increases in chamber pressure. If the chamber pressure exceeds the
burst pressure of the motor case, catastrophic failure occurs. It is
imperative, therefore, that a structural analysis technique be avail-
able to predict the potential for thermally induced fracture in solid
propellants as part of the procedure used to analyze solid-rocket
motors.

Compositesolidpropellantsare thermononlinearviscoelasticma-
terials. Past efforts to quantify the driving forces at the crack tip
treated a propellant as if it were a viscoelastic brittle material, as-
suming that fracture was controlled by small-scale yielding and,
therefore, could be quanti� ed by the stress intensity factor K . For
example,Knauss1 studiedcrackpropagationin anun� lledcarboxyl-
terminated hydrocarbonrubber. Crack tip velocities were measured
in edgenotchedspecimensat differenttemperatures.A master curve
based on linear elastic fracture mechanics, that is, K I , was created
to distinguishbetween regions of stable and unstable crack growth.
In another study, Bennett et al.2 derived equations to calculate the
failure strain that are based on time, relaxation modulus and the
time-dependentGrif� th formulation by using cohesive fracture en-
ergy, that is, °c . Francis et al.3¡5 conducted several studies by using
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epoxy, Solithane 113, and PBAN propellant in a biaxial and a plane
stress analog motor con� guration.Like Knauss,1 they based driving
force calculations on stress intensity. They found that a one-to-one
correspondence existed between the viscoelastic K I and the crack
velocity.

The previous studies had some success in quantifying the en-
ergy at the crack tip, but the methods were limited to those con-
ditions where the material tended to behave in a brittle manner.
The development of elastic–plastic fracture mechanics provided a
new way to account for crack tip plastic zones in ductile materi-
als. Bencher et al.6 applied elastic–plastic fracture mechanics as
de� ned by the J integral to characterize the fracture resistance of
an inert solid propellant. The time–temperature dependency of the
model propellant was dealt with by employing Schapery’s pseudo-
strain concept.7 Although their work was limited to the analysis of
data from middle-tension test specimens, the idea of combining the
pseudostrainconcept and elastic–plastic fracturemechanicsoffered
a computationallyattractive scheme to predict crack propagationin
solid-rocket motor geometries.

The present study discusses the development of a numerical
and experimentalstress analysis techniquefor evaluatingpropellant
fracturein solid-rocketmotors subjectedto monotonicthermal cool-
down loading.The pseudostrain techniquedevelopedby Schapery7

is applied to a typical composite propellant widely used in solid-
rocket motors to change its time and temperature-dependent behav-
ior to resemble that of a nonlinearelastic,or what can be considered
an equivalent elastic–plastic material. With this approach, existing
elastic–plastic fracture theories for stationary cracks and commer-
cial � nite element programs can be used for propellant fracture
analysis. The dependency on linear elastic fracture mechanics and
the cumbersome treatment of the viscoelastic problem can both be
avoidedas well. To assess the applicabilityof this proposedmethod,
the numerical stress and fracture results are compared with experi-
mentaldata obtainedfrom instrumentedanalogsolid-rocketmotors.

Pseudoproperties Determination
Schapery7;8 proposed the use of pseudostrains as a method of

transforming the viscoelastic behavior of a polymer into the time-
independent behavior that is typically seen in metals. This method
is based on the assumption that the time-dependentmodulus of the
viscoelastic material is separable from the material strain. If this
transformation is valid, then the fracture analysis of a viscoelastic
propellant can be greatly simpli� ed because the problem can be re-
duced to a fracture analysisof an elastic–plastic or nonlinearelastic
material. Interested readers may refer to Refs. 9 and 10 for a more
detailed discussion on the limitations of this theory.

The procedure that is used herein to transform propellant char-
acterizationdata to an elastic–plastic representationcomprises four
steps. They are as follows: 1) Calculate the true stress and true
strain. 2) Characterize the stress relaxation behavior. 3) Calculate
the pseudostrain. 4) Fit the data to the Ramberg–Osgood11 consti-
tutive equation.

Finite element programs are based on work conjugate stress–
strain pairs. For the ANSYS � nite element program used in this
study, the work conjugatepair is based on true stress and true strain.
The � rst step in the transformationprocess is to converttheengineer-
ing stress–strain data from uniaxial tensile tests to true stress–strain
values by using

² D .1 C e/ (1)

¾T D ¾ .1 C e/=[1 C .1V=V /] (2)

For viscoelastic materials, the stress relaxation behavior is rep-
resented by a Prony series with a shift factor that is based on the
Williams–Landel–Ferry (WLF) relationship (see Ref. 12)
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where Eo , Ei , and ¿i are the Prony coef� cients and aT is the tem-
perature shift factor.

Schapery de� ned pseudostrainas the strain rate multiplied by the
integral of the time-dependent tensile modulus
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where E R is set equal to the glassy modulus. Equation (6) indicates
that if the material is linear viscoelastic, the true stress/true strain
data will form a single nonlinear elastic curve.

The Ramberg–Osgood constitutive equation11 was used to rep-
resent the time- and temperature-independent pseudostrain vs true
stress behavior

²=²0 D ¾=¾0 C ®.¾=¾0/
n (7)

where ²0 and ¾0 are the reference values and a and n are the
Ramberg–Osgood parameters.11 It was advantageous to adopt this
formulation because of its extensive use in elastic–plastic fracture
mechanics.13;14

To prove that this reduction method is applicable to composite
propellants, a hydroxyl-terminatedpolybutadiene/ammonium per-
chlorate (HTPB/AP) propellant, in the shape of a JANNAF Class
C dogbone specimen,15 was tested under uniaxial tension over a
temperature range from C50 to ¡50±C and at crosshead rates of
5, 50, and 500 mm/min. The relaxation data were measured by dy-
namic mechanical analysis.16 The results of applying Eqs. (1–7) to
the uniaxial test results are shown in Figs. 1 and 2.

Figure 1 shows the measured true stressvs true strainbehaviorfor
tests at 50 mm/min. The Prony-seriescoef� cientsused in Eq. (6) are
given in Table 1. The abilityof Eq. (6) to transformthe disparatetrue
stress vs true strain curves (Fig. 1) into a monotonically increasing
set of true stress vs pseudostrain data is shown in Fig. 2. Similar
results were obtained for the 5- and 500-mm/min data. Though the
¡50, ¡45, ¡30, C22, and C50±C data in Fig. 2 have not been
perfectly transformed to form a single curve, the data set can be
parameterized by using the Ramberg–Osgood11 equation to permit
its use in an elastic–plastic analysis.

The Ramberg–Osgood11 parameterswere foundto be® D 0:0671,
n D 2:565, ²0 D 0:0011, and ¾0 D 500 kPa by � tting Eq. (7) to the
data from all crosshead rates (see Fig. 3) with the TableCurve2D
program.17 The correspondence between the regenerated results
(solid predicted lines) and the original data in Fig. 1 suggests that
this method can be used to transform the viscoelastic propellant

Table 1 Prony-series coef� cientsa¡e

G i , MPa ¿i , s

44.0 2:16 £ 10¡8

21.9 1:50 £ 10¡7

13.5 1:04 £ 10¡6

8.89 7:23 £ 10¡6

7.41 5:02 £ 10¡5

5.22 3:49 £ 10¡4

3.29 2:42 £ 10¡3

1.87 1:68 £ 10¡2

1.08 1:17 £ 10¡1

0.66 8:09 £ 10¡1

0.41 5:62 £ 100

0.31 3:90 £ 101

0.21 2:71 £ 102

0.10 1:88 £ 103

aEquilibrium modulus Ge D 1:30 MPa.
bTensile modulus obtained by assuming Poisson ratio equal to 0.5.
cC1 D 6:98.
dC2 D 190:7.
eTref .Kelvin/ D 293:8.
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Fig. 1 True stress vs true strain data of an HTPB/AP propellant tested
at a 50-mm/min displacement rate.

Fig. 2 True stress vs pseudostrain data of an HTPB/AP propellant
tested at a 50-mm/min displacement rate.

Fig. 3 Ramberg–Osgood11 predictions of pseudostrain vs true stress
data with 10% error in the ® or n values.

properties to an equivalentelastic–plastic or nonlinear elastic mate-
rial. The effect of data scatteron the Ramberg–Osgood11 parameters
and the calculated stress results will be discussed later in the Error
Analysis section.

Finite Element Analysis
Model and Solution Method

The cross section of an instrumented analog motor (IAM) is
schematically shown in Fig. 4. The IAM comprises a composite
casing, two bond-stress sensors mounted on platforms, and propel-
lant cast with a stress raiser geometry.A bond-stress sensor with its
bridge completioncircuit and mountingplatformis shown in Fig. 5.
The geometry of the stress raiser (Fig. 6) was designed to maximize

Fig. 4 Schematic diagram of an instrumented analog motor.

Fig. 5 Bond-stress sensor mounted on a platform and the bridge
completion circuitry.

the driving force at the crack tip and to orient the crack propa-
gation so that two strategically located bond-stress sensors could
adequately measure the changes in the far-� eld stresses.10 Sensor
A is positioned at an angle ’ D 45 deg to the crack face, whereas
sensorB is positionedat ’ D 180 deg. These positionswere selected
by examining the radial bondline stress results from � nite element
analyses.The stresses at these two positions gave the greatest stress
magnitude difference (sensor B stress¡ sensor A stress) and the
highest stress ratio (sensor B stress/sensor A stress) as a function
of crack length. The sensors provide a direct means of verifying
the stress predictionsand an indirect method for evaluatingfracture
behavior of the propellant.

A � nite element model of the IAM was constructed with the
PLANE82 structural elements in plane strain mode in ANSYS.18

This element has eight nodes with two degrees of freedom at each
node. The nodes and elements around the crack tip were de� ned by
using the KSCON command. This ANSYS command places nodes
at quarter-pointlocations.Free meshing was used for all areas, with
the exceptionof the sensors, where mapped meshing was speci� ed.

The ANSYS frontal solver, coupledwith a full Newton–Raphson
incremental solution, was employed to resolve the nonlinear elastic
problem. The frontal solution procedure is based on the work of
Irons19 and Meloshand Bamford,20 where elementsare processedto
make ef� cient use of the availablecomputer resources.The method
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Table 2 Finite element model material parameters

Parameter Value

Composite case
Ecase 974.9 GPa
ºcase 0.33
®case 0/±C

SS 304 sensor platforma

Eplat 193.0 GPa
ºplat 0.25
®plat 17:3 £ 10¡6=±C

Titanium stress sensora

Esensor 114.5 GPa
ºsensor 0.34
®sensor 9:54 £ 10¡6=±C

Propellant
Eprop Variable
ºprop 0.495
®prop 8:5 £ 10¡5=±C

aHere, ® is set to zero for analyses in the pseudodomain and a
stress-free temperature of 60±C is used. A value of ºprop D 0:495
is used to account for the small amount of volume dilatation that
occurs during tensile straining.

Fig. 6 Bore geometry employed in the instrumented analog motor:
bore diameter = 14.7 mm, web = 25.7 mm, h = 5.4 mm, Á = 71.49 deg,
and µ = 49 deg.

for treating a nonlinear elastic material follows procedures already
established for resolving rate-independentplasticity problems.21 A
stress-free temperature of 60±C, which corresponds to the casting
temperature, was used in the stress analysis. The J integral was
calculated by using a virtual crack extension method that is based
on stiffness derivatives for six different contours located from one
to six element lengths beyond the � rst row of elements around the
crack tip. Results were averaged afterward to obtain the value for
the pseudo-J integral J e . In general, the values of J e were within
2% of each other. For additional information on the procedureused
to calculate J , see Ref. 14 or 22. Stress and J e solutions were
generated for a series of temperature loads and crack lengths.

Material Properties
Table 2 gives a summary of the properties used in the � nite

element model. The true stress versus pseudostrain propellant
behavior as de� ned by the best-� t Ramberg–Osgood11 parame-
ters was modeled in ANSYS as a multilinear isotropic hardening
material.18 All othermaterialswere assumed to exhibit linear elastic
behavior.

Because the analyses were carried out in the pseudodomain, it
was important to ensure that all strains were properly scaled. The
propellant thermal expansion coef� cient in Table 2 was scaled to
produce thermal strains consistent with the strain measure in the
material model. The scaling factor can be derived by substituting
the de� nition of thermal strain, ² D ®1T , into Eq. (6), to give
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where Eo , Ei , and ¿i are the Prony coef� cients and aT is the WLF
shift factor. The scaling factor ®fac is de� ned as
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ANSYS requires pseudothermal strains to be de� ned in the fol-
lowing form

²e
thermal D ®e1T (10)

Combining Eqs. (8) and (9) with Eq. (10) gives

®e D ®prop®fac=1T (11)

The effective expansion coef� cient for a linear elastic, or time-
independent,material is derived by recognizing that a linear elastic
material can be modeled by setting ¿i À 1. Because

X
Ei D E

where E is the linear elastic modulus, the sum implies that Eo D 0.
With ¿i À 1 and Eo D 0, ®fac for a linear elastic material in a pseu-
dothermal strain analysis equals zero.

Given the dependency of the scaling factor ®fac on the rate of
temperature change P1T and the time increment at a particular tem-
perature 1t , the ®fac had to be calculated for the planned sequential
quasi-isothermal cooling or stepped-cooling test. The temperature
vs time pro� les for the IAM could have been calculated by using
� nite element thermal analysis. For the case considered herein, it
was measured directly from an instrumented IAM that was sub-
jected to a thermal pro� le that consisted of a heat-up cycle followed
by stepped cooling. The heat-up cycle raised the temperature of the
IAM to C65±C in 12 h and cooled it back to room temperature in the
same amount of time, followed by a 3-h dwell. The heat-up cycling
was immediately followed by decreasing the conditioningchamber
temperature to ¡10±C for 6 h with subsequent 5±C step decreases
over a 36-h period. The temperaturedwell at each 5±C decreasewas
maintained for 6 h.

The ®fac was determined by using an average temperature rate
over a time increment of 120 min. The time increment corresponds
to the thermal time constant of the IAM. Table 3 gives the time,
temperature, and ®fac=1T used in the � nite element analyses.

Numerical Results
Figure 7 shows the predicted pseudo-J driving forces J e as a

function of the crack length for several thermal loads. The com-
mon units of J in N ¢ m/m2 have been altered to the equivalent units
Pa ¢ m in this paper for typographical reasons. A nearly exponen-
tial trend of increasing J e with decreasing temperature is shown.
The absolute variation with crack length increases as temperature

Table 3 Pseudothermal expansion coef� cient multipliers
for a stepped-cooling pro� le

P
t , days 1t , s T, ±C ®fac=1T

0 —— 60 ——
0.2604 22,499 50 0.0118
0.5215 22,559 20 0.0118
N/A N/A 0 ¼0.0120a

0.6604 12,001 ¡10 0.0126
0.8514 16,502 ¡15 0.0137
1.0910 20,701 ¡20 0.0142
1.3410 21,600 ¡25 0.0149
1.5993 22,317 ¡30 0.0159
1.8320 20,105 ¡35 0.0174
2.0889 22,196 ¡40 0.0187

aEstimated value.
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Fig. 7 Predicted pseudo-J driving forces in an instrumented analog
motor as a function of crack length for several temperatures.

Fig. 8 Ratio of the predicted sensor B to sensor A stresses in an
instrumented analog motor as a function of crack length for several
temperatures.

decreases, although the relative change based on the maximum J e

is approximately63%. For example, at ¡40±C, the absolute change
in J e from 2 to 14 mm is 21 Pa ¢ m with a maximum value for J e of
33 Pa ¢ m. At ¡10±C, the change is 5 Pa ¢ m with a maximum value
of 7.5 Pa ¢ m. These results suggest that decreasing the tempera-
ture will dramatically increase the driving force that causes crack
initiation. Crack propagation, however, will dissipate some of this
energy.

Figure 8 shows the ratio of the radial stress at sensor B to that at
sensorA as a functionof crack length.An increasein this ratio is pre-
dicted for both decreasing temperature and increasingcrack length.
In general, the stress ratio can be used to determine crack length but
not at a speci� c temperature because the stress ratio magnitudes at
different temperatures are similar.

Figures 9 and 10 illustrate the absolute sensor readings (radial
stress) for several temperatures at locations A and B, respectively,
as a function of crack length. The results show that the sensor B
predictions are always higher than the sensor A predictions. Also,
the sensor A results decrease more rapidly with increasing crack
length than those for sensor B. In Fig. 10, the sensor stresses for
each temperature differ (by about 100 kPa) even as the crack length
increases. In Fig. 9, the sensor stresses differ at small cracks sizes
(by approximately 50 kPa), but this difference decreases to about
10 kPa for the longer crack lengths.

From these results,one couldestimate the crackpropagationtem-
perature and the crack length from either the sensorA or B readings.
Having two sensors in the IAM allows the consistency of the stress
readings to be checked, and it provides a measure of redundancy in
the event that one sensor malfunctions. Based on the stress predic-
tions for sensor A, the sensors used in any experiment need to be
accurate to at least §10 kPa or better. Inspection of the sensor B
results showed that its accuracy is on the order of §35 kPa or better.

Table 4 Error induced by uncertainty in the exponent
n from Ramberg–Osgood11 a

Parameter Avgerage % difference low % difference high

J e , Pa ¢ m 6.263 0.1 ¡0.1
Sensor A, MPa 1.208 0.6 ¡0.6
Sensor B, MPa 1.278 0.7 ¡0.7
Stress ratio B/A 1.058 0.0 0.0

aTemperature set at ¡40±C with crack length D 2.5 mm.

Fig. 9 Radial stress predictions forsensor A in an instrumentedanalog
motor as a function of crack length for several temperatures.

Fig. 10 Radial stress predictions for sensor B in an instrumented
analog motor as a function of crack length for several temperatures.

Error Analysis
The propellant stress–strain properties used herein are based on

the best-� t Ramberg–Osgood11 model [Eq. (7)]. As with any curve
� tting, there is some uncertainty associated with the scatter in the
raw data. Recall that the scatter in the data set is caused by the
transformation of stress–strain data originally measured at several
temperaturesand strain rates. To assess the effects that this inherent
error could have on the numerical results, two analyses were con-
ducted that vary n D 2:565 to values that corresponded to an error
of §10%. The sensitivityof ® was not studied because its in� uence
is not as signi� cant. Figure 3 shows that the 10% error ® curves are
well inside the 10% error n curves. The results of these calculations
for a single temperatureand crack length are tabulatedin Table 4. As
can be seen in Table 4, varyingn has little or no effect on the results.
This result is obtainedbecause the calculatedpropellantstresses are
well below 2.5 MPa, where data scatter becomes large.

Experimental Veri� cation
Two instrumented IAMs, referred to as T212 and T214 herein,

having the geometry de� ned by Figs. 4 and 6 and fabricated with
the materials listed in Table 2, were subjected to a stepped-cooling
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Fig. 11 Bond-stress and temperature data measured during � rst and
second stepped-cooling cycles.

pro� le in a microprocessor-controlled conditioning chamber. The
IAMs were 600 mm long to ensure that plane strain conditions
existed at the midpoint of the analog motor. Each IAM was in-
strumented with two miniature titanium bond-stress sensors and
two type-T needle thermocouples. The sensors measured 8 mm in
diameter by 2 mm thick. Bond-stress sensors of this type were used
with success in previous programs that measured stresses in solid-
rocketmotors.23¡27 Discussionof sensorcalibrationand installation
is found in the reportby Wong and Giasson.10 Generally, the sensors
had an accuracy of §29 kPa or better.28 The sensors were powered
by constantcurrentampli� ers set to 4 mA. A data acquisitionsystem
comprisinga � ve and one-halfdigitvoltmeteranda 20-channelrelay
multiplexer with thermocouple compensation were used to record
sensor voltageoutput and thermocouplereadingsat 5-min intervals.

Thermal Cycling Results
For brevity, only the T214 stepped-coolingresults are discussed

in detail. The T212 results are shown elsewhere for completeness.
The resulting propellant thermal pro� le for stepped-cooling is

shown in Fig. 11. As discussed earlier, the heat-up portion of the
pro� le was used to bring the IAM to the propellant’s stress-freestate
so that sensor offsets could be calculated and subtracted from the
data.The cool-downportionwasdesignedto hold the IAM atvarious
temperaturesso that quasi-staticpropellantfracturecould take place
under quasi-isothermal conditions. The IAM was exposed to the
same thermal pro� le twice. The � rst cycling caused the crack to
propagateat each dwell temperature.The second allowedadditional
data to be taken under assumed constant crack length conditions.
This assumptionis reasonablebecausethe longer crack length in the
IAM during the secondcyclingmeans the drivingforcesare lower at
every dwell temperature.Crack propagationonly occurs if the IAM
is subjected to a temperature colder than the coldest temperature
used in the � rst cycling.

The bond-stress and propellant temperature data for T214, for
the two thermal cycles, are shown in Fig. 11. Both sensors measure
compressive stresses as the IAM is heated to 65±C. As the temper-
ature is reduced to 50±C, a small asymmetry is seen in the sensor
data. This asymmetry was caused by the hysteresis behavior of the
sensors. In the stepped-coolingsegments, sensor A stresses started
off at 76.0 kPa, at ¡10±C, and remained nearly constant throughout
the sequence. The � nal stress reading at ¡40±C was 84.3 kPa. For
sensor B, the bond-stressesincreasedby 30 kPa with each 5±C drop
in temperature.Stress relaxationis seen at each step. At ¡40±C, the
sensor B stresses reached 493 kPa and relaxed to 478 kPa in 6 h.
The experimentalB/A stress ratio increasedwith decreasingtemper-
ature in the cool-downportionof the cycle (Fig. 12). The data spikes
in the heat-up portion of the cycle were caused by nonequilibrium
thermal conditions experienced by the sensors.

When T214 was cycled again by using the same thermal pro� le,
the sensor response changed slightly. The sensor A stresses in the
stepped-cooling segments began lower at 33.1 kPa at ¡10±C and
rose to 78.7 kPa at ¡40±C (not shown in Fig. 11). Sensor B also
began lower at 192 kPa and � nishedat 433 kPa. Relaxationbehavior
can again be seen. The B/A stress ratio remained fairly constant at
about 5.4 (not shown in Fig. 12).

Table 5 Comparison of predicted and measured bond-stress results
for T214 stepped coolinga

Finite element Experimental

Sensor A, Sensor B, Sensor A, Sensor B,
Temperature, ±C kPa kPa kPa kPa

¡10 70.4 201 33.1 192
¡20 90.7 259 46.2 249
¡30 114 327 64.1 329
¡40 147 423 78.7 433

aCrack 12 mm long, � nite element error §0.7%, sensor A error §11 kPa, and sensor
B error §29 kPa.

Fig. 12 Ratio of measured sensor B to sensor A stress data and
temperature data measured during � rst stepped-cooling cycles.

Fig. 13 Measurement of the � nal crack length in an uninstrumented
analog motor.

To obtain additional data, uninstrumented analog motors were
cycled along with the IAMs in the stepped-coolingtests. They were
subsequently cut along several longitudinal stations to allow direct
measurementof the crack length.A typicalcrackwas found to prop-
agate in a radial directionaway from the stress-raiserpeak (Fig. 13).
The � nal crack lengths for the step-cooled IAMs measured roughly
12 mm long.

Sensor B and Deduced Fracture Behavior
In comparison with the predicted B/A stress results (Fig. 8), the

experimentalB/A stress ratio data for the stepped-coolingsequence
exhibitedthe same trend for a growingcrack,but the absolutevalues
did not correspond. Table 5 shows a comparison of the measured
and predicted bond stresses for a crack length of 12 mm.

The sensor A data were on average 48% lower than the � nite ele-
ment predictions, whereas the sensor B differences varied between
¡5 and C2%. It was determined on subsequent investigation that
sensor A had become partially debonded at the lower tempera-
tures because of radial and shear stresses present on the sensing
diaphragm.As a result,sensorA indicatedlower thanexpectedstress
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Table 6 Estimates of crack length from sensor Ba measurements for T214 stepped cooling

Measured data Derived results

Temperature, ±C Sensor B.1/,b kPa Sensor B.2/,c kPa Temperature, ±C ¾
j

dam , kPa ¾
j

crack , kPa a j
d ;d mm J e at j ,e Pa ¢ m

¡10 278 192 ¡10 27 59 6.75§ 0.01 5.51§ 0.01
¡20 337 249 ¡20 35 53 8.63§ 0.33 7.83§ 0.23
¡30 408 329 ¡30 46 33 9.67§ 0.25 11.3§ 0.3
¡40 493 433 ¡40 60 0 12.1§ 0.6 14.8§ 1.0

aSensor B error is §29 kPa.
bStress at sensor B during the � rst thermal cycle.
cStress during the second thermal cycle.
dDeduced crack length.
eDeduced pseudo-propellant fracture resistance at temperature index j .

Fig. 14 Schematic representation of sensor B data after the � rst and
second stepped-cooling cycles.

readings.The sensorB readingsshowed that thepseudostrainvs true
stress transformation approach gave reasonable stress predictions.

If the crack had propagated during the � rst application of the
thermal cooling pro� le and remained at a constant length during
the second applicationof the cooling cycle, the sensor B data could
be used to deduce the crack length at each temperature dwell by
employing the following procedure.

Figure 14 shows a schematic representation of the stepped-
cooling sensor B data from Fig. 11 in relation to the dwell tempera-
ture T j and the � nal dwell temperature T k . Line AB represents the
sensor data measured during the � rst coolingpro� le. These stresses
are a functionof a changingcrack lengthandmicrostructuralpropel-
lant damage. Line CD represents the sensor data measured during
the second cooling pro� le. These stresses are a function of an as-
sumed constantcrack lengthand microstructuralpropellantdamage.
The damage is in the form of microscopicdebondingthat occurs be-
tween the ammonium perchlorate particles and the polybutadiene
binder. The debonds effectively lower the macroscopic propellant
modulus by nullifying the stiffness properties of the hard perchlo-
rate particles.29 This type of damage is commonly seen in solid
propellants and composite materials when they are tested under a
constant magnitude cyclic load.30 The observed maximum strain at
each peak stress is increased because microstructuraldamage accu-
mulates with each cycle. In the IAM, the microstructural damage
manifests itself as a reduction in the propellantmodulus and, there-
fore, lower sensor stresses.

To separate the stress reduction caused by crack extension ¾
j

crack
from the stress reductioncaused by microstructuraldamage ¾

j
damage ,

it is hypothesized that ¾
j

damage at any dwell temperature T j is pro-
portionalto the damage observedduring the � nal dwell temperature
T k on the second stepped-coolingcycle, or

¾
j

damage D
¡
¾ k

.1/

¯
¾ k

.2/

¢
¢ ¾

j
.2/ (12)

where ¾
j

damage is the damage measure, ¾
j

.1/ is the stress during � rst
thermal cycle, and ¾

j
.2/ is the stress during the second thermal cycle.

The stresses associated with crack length can then be calculatedby

Fig. 15 Deduced crack lengths at several temperatures based on
measured sensor B data for instrumented analog motor T214.

¾
j

crack D ¾
j

.1/
¡

¡
¾

j
damage C ¾

j
.2/

¢
(13)

where the sum of ¾
j

damage and ¾
j

.2/ is shown schematicallyas line EB
in Fig. 14.

Once ¾
j

crack is known at each dwell temperature T j the crack
extension that took place during the � rst stepped-coolingcycle a j

d
can be calculated using

¾
j

crack D M j
¡
ak

f ¡ a j
d

¢
(14)

where M j is the piecewise slope of the � nite element calculated
sensor B stress vs crack length response at temperature index j
(Fig. 10) and ak

f is the � nal crack length at the � nal temperature
index k during the � rst stepped-coolingcycle.

Having measured a � nal crack length ak
f of 12 mm in IAM T214,

the crack lengthsat theotherdwell temperaturesa j
d were deducedby

using Eq. (14). The calculationof crack length (indicatedby the de-
duced data points) in relation to the sensor B predictions (indicated
by the ¡40, ¡30±C, etc., data points) is shown schematically in
Fig. 15 for IAM T214 where y D ¾

j
crack and x D ak

f ¡ a j
d . Thus,

by only knowing the � nal crack length and the sensor B stress read-
ings, it is possible to deduce the crack length at each dwell tempera-
ture. Once the sensor B stress to crack length (¾B ¡ a) correlation is
known, the relationshipbetweenpseudo-J integraland crack length
(J e ¡ a) and the relationship between sensor A stress and crack
length (¾A ¡ a) is also known because the � nite element results
give the correlation between all four parameters ¾A , ¾B , J e, and a.

To verify the consistency of the analysis, the deduced crack
lengths at the corresponding temperatures were mapped onto the
sensor A � nite element predictions (see Fig. 16). The trend of the
predictedsensor A stresseswith crack length, or, alternatively,tem-
peratureor time, matches the experimentaldata in Fig. 11 well; that
is, the sensor A stresses remained fairly constant at each dwell tem-
perature or time step. As mentioned before, partial debonding of
the propellant from the sensor diaphragmreduced the experimental
sensor readings from the expected predicted levels.

Table 6 shows the numerical results for the T214 fracture re-
sistance calculations that were obtained using Eqs. (12–14). The
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Fig. 16 Deduced sensor A stresses as a function of crack length for
several temperatures.

Fig. 17 Deduced pseudofracture resistance of the HTPB/AP propel-
lant used in the instrumented analog motors.

numerical error bands are based on the accuracy of the sensor B
readings. Figure 17 shows graphically the deduced crack lengths
for T212 and T214 data. The average fracture resistanceof the pro-
pellant can be estimated by the T212 and T214 data points.

To use the analysis techniquedevelopedhere in a predictiveman-
ner, it is hypothesizedthat the crack tip constraint conditions in the
test specimenused to characterizefractureresistancemust be similar
to the crack tip constraint conditions in the � nite element model of
the structure.31 The constraintcondition is de� ned as the ratio of the
hydrostaticstress to the von Mises stress (see Refs. 32 and 33). The
similitude of constraint conditions would permit the experimental
fracture resistancedata to be plotted onto � nite element results, like
in Fig. 17, to predict quasi-static crack growth. The validity of this
approach and the methods to calculate the pseudo-J integral from
fracture resistance testing are subjects of future research.

Conclusions
An advancedstressanalysistechniquehasbeendevelopedto eval-

uate propellant fracture in solid-rocketmotors subjected to thermal
cool-downloading.The results show that the time- and temperature-
based relaxationof the propellantcan be taken into account through
a pseudostrain representation to yield a nonlinear elastic material
model. Finite element analyses of an instrumented analog motor
were performed to quantify the quasi-static driving force for crack
propagationunder a variety of thermal loads. Tests were carried out
on instrumented analog motors by subjecting them to a sequence
of quasi-isothermal temperatures. A comparison between the mea-
sured sensor data and the corresponding � nite element predictions
shows that the stress analysesproduced accurate results. The sensor
data allowed the crack length and fracture resistance of the propel-
lant to be deduced by assuming that the stress difference between
successive thermal cycles is caused by crack propagation and bulk
propellantdamageeffects.To use this analysistechniquein a predic-

tivemanner, it is hypothesizedthat compatibilitymust bemaintained
between the crack tip constraint conditionsin the fracture test spec-
imen used to characterize the propellant and the crack tip constraint
conditions in the structure being analyzed.
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